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CONSTANT ANGLE SURFACES IN THE LORENTZIAN HEISENBERG
GROUP
IRENE I. ONNIS AND P. PIU
Abstract. In this paper, we define and, then, we characterize constant angle spacelike and
timelike surfaces in the three-dimensional Heisenberg group, equipped with a 1-parameter
family of Lorentzian metrics. In particular, we give an explicit local parametrization of these
surfaces and we produce some examples.
1. Introduction
In recent years much work has been done to understand the geometry of surfaces whose unit
normal vector field forms a constant angle with a fixed field of directions of the ambient
space. These surfaces are called helix surfaces or constant angle surfaces and they have been
studied in all the 3-dimensional geometries. Several classification results were obtained so
far, in different ambient spaces and, among them, we mention [2, 4, 3, 5, 8, 10, 12, 13].
Moreover, helix submanifolds have been studied in higher dimensional euclidean spaces and
product spaces in [7, 6, 14].
In the case of the Riemannian Bianchi-Cartan-Vranceanu (BCV) spaces E3(κ, τ), as they
admit a Riemannian submersion onto a surface of constant Gaussian curvature (called the
Hopf fibration), it was considered the angle ϑ that the unit normal vector field of a surface
in a BCV-space forms with the vector field tangent to the fibers of the Hopf fibration. This
angle ϑ has a crucial role in the study of surfaces in BCV-spaces as shown by Daniel, in [1],
where he proved that the equations of Gauss and Codazzi are given in terms of the function
ν = cosϑ and that this angle is one of the fundamental invariants for a surface in E3(κ, τ).
Concerning the study of helix surfaces in the Lorentzian BCV-spaces L3(κ, τ), that are
described by the 2-parameter family of Lorentzian metrics:
gκ,τ =
dx2 + dy2
F 2
−
(
dz − τ y dx− x dy
F
)2
, F (x, y) = 1 +
κ
4
(x2 + y2), κ, τ ∈ R,
defined on Ω × R, with Ω = {(x, y) ∈ R2 : F (x, y) > 0}, we refer [9] and [11]. In [11], the
authors classified constant angle spacelike surfaces in the Lorentz-Minkowski 3-space, while
in [9] are considered constant angle spacelike and timelike surfaces in the Lorentzian product
spaces given by S2 × R1 and H2 × R1.
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We observe that the projection map pi : L3(κ, τ)→ M2(κ), given by pi(x, y, z) = (x, y), is a
Riemannian submersion from L3(κ, τ) to the surface of constant curvature κ given by
M2(κ) =
(
Ω,
dx2 + dy2
F 2
)
and, also, its fibers are the integral curves of the unit Killing vector field ∂z, which is vertical
with respect to pi. The constant τ is called the bundle curvature parameter of the ambient
spaces L3(κ, τ) and it satisfies the geometric identity:
(1) ∇k,τX∂z = τ X ∧ ∂z, X ∈ X(L3(κ, τ)),
where ∇k,τ and ∧ denote, respectively, the Levi-Civita connection and the cross product of
L3(κ, τ).
This paper is devoted to the study and the characterization of spacelike and timelike helix
surfaces in the Lorentzian Heisenberg group given by L3(0, τ) (with τ 6= 0), denoted byH3(τ),
whose geometry we shall describe in Section 2. In Section 3 we determine the Gauss and
Codazzi equations of an oriented pseudo-Riemannian surfaceM immersed in H3(τ), proving
that they involve the metric ofM, its shape operator A, the tangential projection T of the
vertical vector field ∂z and the function ν := gτ (N, ∂z) gτ (N,N), where gτ := g0,τ and N is
the unit normal toM. Moreover, from the equation (1) derive two additional equations (see
(12) and (13)) that are used to determine the shape operator and the Levi-Civita connection
ofM.
In Sections 4 and 5 we define, respectively, the constant angle spacelike and timelike surfaces
in H3(τ) and we show that these surfaces have constant Gaussian curvature. Finally, in the
Theorems 4.2 and 5.2 we establish the complete classification of these surfaces and, then, we
construct some examples.
2. Preliminaries
Let H3(τ) (with τ 6= 0) denote the 3-dimensional Heisenberg group given by R3 equipped
with the 1-parameter family of Lorentzian metrics
gτ = dx
2 + dy2 − (dz − τ (y dx− x dy))2,
which renders the map pi : H3(τ) → R2 a Riemannian submersion. With respect to this
metric, the vector fields given by:
(2)

E1 =
∂
∂x
+ τ y
∂
∂z
,
E2 =
∂
∂y
− τ x ∂
∂z
,
E3 =
∂
∂z
,
2
form a Lorentzian orthonormal basis on H3(τ) and the associated Levi-Civita connection
∇τ , where ∇τ = ∇0,τ , is given by:
(3)
∇τE1E1 = ∇τE2E2 = ∇τE3E3 = 0,
∇τE2E1 = τ E3 = −∇τE1E2,
∇τE3E1 = −τ E2 = ∇τE1E3,
∇τE3E2 = τ E1 = ∇τE2E3.
We observe that E3 is a (timelike) unit Killing vector field, that is tangent to the fibers of
the submersion pi and it satisfies the following identity:
(4) ∇τXE3 = τ X ∧ E3, X ∈ X(H3(τ)),
where ∧ is the cross product in H3(τ) defined by the formula
U ∧ V = (u2 v3 − u3 v2)E1 − (u1 v3 − u3 v1)E2 − (u1 v2 − u2 v1)E3.
Also, using the following convention
Rτ (X, Y )Z = ∇τX∇τ YZ −∇τ Y∇τXZ −∇τ [X,Y ]Z,
the non zero components of the Riemann curvature tensor are:
(5)
Rτ (E1, E2)E1 = −3τ 2E2, Rτ (E1, E3)E1 = τ 2E3,
Rτ (E1, E2)E2 = 3τ
2E1, R
τ (E2, E3)E2 = τ
2E3,
Rτ (E2, E3)E3 = τ
2E2, R
τ (E1, E3)E3 = τ
2E1.
Moreover, the tensor Rτ can be described as we have done in the following result.
Proposition 2.1. The Riemann curvature tensor Rτ of H3(τ) is determined by
(6)
Rτ (X, Y )Z = 3τ 2 [gτ (Y, Z)X − gτ (X,Z)Y ]
+ 4τ 2 [gτ (Y,E3) gτ (Z,E3)X − gτ (X,E3) gτ (Z,E3)Y
+ gτ (Y, Z) gτ (X,E3)E3 − gτ (X,Z) gτ (Y,E3)E3],
for all vector fields X, Y, Z on H3(τ).
Proof. Putting Rτ (X ∧Y, Z ∧W ) = gτ (Rτ (X, Y )Z,W ), the matrix of Rτ with respect to the
basis {E2 ∧ E3, E3 ∧ E1, E1 ∧ E2} is given by:
Rτ =
 −τ 2 0 00 −τ 2 0
0 0 −3 τ 2
 .
Now, we set X = X+x E3, where X is the horizontal component of X and x = −gτ (X,E3),
etc. Therefore, we obtain that
gτ (R
τ (X, Y )Z,W ) = gτ (R
τ (X,Y )Z,W )
+ y z gτ (R
τ (X,E3)E3,W ) + x z gτ (R
τ (E3, Y )E3,W )
+ w x gτ (R
τ (E3, Y )Z,E3) + y w gτ (R
τ (X,E3)Z,E3),
where it’s easy to see that
gτ (R
τ (X,Y )Z,W ) = 3τ 2 [gτ (X,W ) gτ (Y , Z)− gτ (X,Z) gτ (Y ,W )].
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Also, as
Rτ (X,E3)E3 = τ
2X, Rτ (E3, Y )E3 = −τ 2 Y ,
it results that
gτ (R
τ (X, Y )Z,W ) = 3τ 2 [gτ (X,W ) gτ (Y , Z)− gτ (X,Z) gτ (Y ,W )]
+ τ 2 [z y gτ (X,W ) + xw gτ (Y , Z)− x z gτ (Y ,W )− w y gτ (X,Z)]
= 3τ 2 [gτ (Y, Z)gτ (X,W )− gτ (X,Z) gτ (Y,W )]
+ 4τ 2 [gτ (Y,E3) gτ (Z,E3) gτ (X,W )− gτ (X,E3) gτ (Z,E3) gτ (Y,W )
+ gτ (Y, Z) gτ (X,E3) gτ (E3,W )− gτ (X,Z) gτ (Y,E3) gτ (E3,W )].
Since W is arbitrary, we obtain the equation (6). 
3. The structure equations for surfaces in H3(τ)
In this section, we will determine the structure equations for a surfaceM immersed into the
Lorentzian Heisenberg group H3(τ) that will be used, in the following sections, to study the
constant angle surfaces in this ambient space. We remember that a surfaceM is called space-
like (respectively, timelike) if the induced metric onM via the immersion is a Riemannian
(respectively, Lorentzian) metric.
LetM be an oriented pseudo-Riemannian surface immersed into H3(τ) and let N be a unit
normal vector field, that is gτ (N,N) = ε, where ε = −1 (respectively, ε = 1) if M is a
spacelike (respectively, a timelike) surface.
The Gauss and Weingarten formulas, for all X, Y ∈ C(TM), are
(7)
∇τXY = ∇XY + α(X, Y ),
∇τXN = −A(X),
where with A we have indicated the shape operator of M in H3(τ), with ∇ the induced
Levi-Civita connection onM and by α the second fundamental form ofM in H3(τ). Note
that the second fundamental form can be written as
α(X, Y ) = ε gτ (A(X), Y )N, X, Y ∈ C(TM).
If we project the vector field E3 onto the tangent plane toM, we have
E3 = T + ν N,
for a certain smooth function ν defined on M. Here T is the tangent part of E3 which
satisfies
(8) gτ (T, T ) = −(1 + ε ν2).
We observe that, for all X ∈ TM, we have that
(9)
∇τXE3 = ∇τXT +X(ν)N + ν∇τXN
= ∇XT +X(ν)N + ε gτ (A(X), T )N − ν A(X).
On the other hand, writing X =
∑3
i=1XiEi and using (4), we get:
(10)
∇τXE3 = τ X ∧ E3
= ε τ gτ (JX, T )N − τ νJX,
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where JX = N ∧X denotes the rotation of angle pi/2 on TM and it satisfies
(11) gτ (JX, JX) = −ε gτ (X,X), J2X = εX.
Identifying the tangent and normal components of (9) and (10) respectively, we obtain
(12) ∇XT = ν (A(X)− τ JX)
and
(13) X(ν) = −ε gτ (A(X)− τ JX, T ).
In the following result, we will give the expression of the Gauss and Codazzi equations for a
pseudo-Riemannian surfaceM in H3(τ).
Proposition 3.1. Under the previous conditions, the Gauss and Codazzi equations in H3(τ)
are given, respectively, by:
(14) K = K + ε detA = ε (detA− 4 τ 2 ν2)− τ 2
and
(15) ∇XA(Y )−∇YA(X)− A[X, Y ] = −4 ε ν τ 2 [gτ (Y, T )X − gτ (X,T )Y ],
where X and Y are tangent vector fields on M, K is the Gauss curvature of M and K
denotes the sectional curvature in H3(τ) of the plane tangent toM.
Proof. We start proving the equation (14). Using that
gτ (α(X,X), α(Y, Y ))− gτ (α(X, Y ), α(X, Y ))2
= ε [gτ (A(X), X) gτ (A(Y ), Y )− gτ (A(X), Y )2],
the Gauss equation can be written as
(16) K = K + ε
gτ (A(X), X)gτ (A(Y ), Y )− gτ (A(X), Y )2
gτ (X,X)gτ (Y, Y )− gτ (X, Y )2 .
If we suppose that {X, Y } is a local orthonormal frame onM, i.e. gτ (X,X) = 1, gτ (X, Y ) = 0,
gτ (Y, Y ) = −ε, we get
gτ (A(X), X) gτ (A(Y ), Y )− gτ (A(X), Y )2 = −ε detA.
Also, from (6), we obtain that
(17)
−εK = gτ (Rτ (X, Y )Y,X) = −3ε τ 2 + 4τ 2 [gτ (Y, T )2 − ε gτ (X,T )2]
= −ε τ 2 [3 + 4 gτ (T, T )].
Now, substituting (17) in (16), and using (8), we have the equation (14).
To obtain (15), we start from the Codazzi equation for hypersurfaces that is given by:
gτ (R
τ (X, Y )Z,N) = gτ (∇XA(Y )−∇YA(X)− A[X, Y ], Z).
Also, from Proposition 2.1 we get
Rτ (X, Y )N = 4τ 2 gτ (N,E3) [gτ (Y,E3)X − gτ (X,E3)Y ]
= 4 ε ν τ 2 [gτ (Y, T )X − gτ (X,T )Y ].
Therefore, we obtain (15). 
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Now, we are ready to begin the study of the constant angle surfaces in H3(τ). Firstly, we
give the following:
Definition 3.2. LetM be an oriented pseudo-Riemannian surface in the Lorentzian Heisen-
berg group H3(τ) and let N be a unit normal vector field, with gτ (N,N) = ε. We say that
M is a helix surface or a constant angle surface if the function ν := ε gτ (N,E3) is constant
at every point of the surface.
4. Constant angle spacelike surfaces
LetM be a spacelike surface in H3(τ). As ε = −1, from the equation (8) it follows that (up
to the orientation of N) we can write ν = coshϑ, where ϑ ≥ 0 is called the hyperbolic angle
function between N and E3.
From now on, we assume that the function ϑ is constant. Note that ϑ 6= 0. In fact, if it were
then the vector fields E1 and E2 would be tangent to the surfaceM, which is absurd since
as τ 6= 0 the horizontal distribution of the submersion pi is not integrable.
Lemma 4.1. LetM be a helix spacelike surface in H3(τ) with constant angle ϑ > 0. Then,
we have the following properties.
(i) With respect to the basis {T, JT}, the matrix associated to the shape operator A takes
the form
A =
(
0 −τ
−τ λ
)
,
for some smooth function λ onM.
(ii) The Levi-Civita connection ∇ ofM is given by
∇TT = −2τ coshϑJT, ∇JTT = λ coshϑJT,
∇TJT = 2τ coshϑT, ∇JTJT = −λ coshϑT.
(iii) The Gauss curvature ofM is constant and satisfies
K = 4τ 2 cosh2 ϑ.
(iv) The function λ satisfies the equation
(18) T (λ) + λ2 coshϑ+ 4τ 2 cosh3 ϑ = 0.
Proof. Point (i) follows directly from (13). From (12) and using
gτ (T, T ) = gτ (JT, JT ) = sinh
2 ϑ, gτ (T, JT ) = 0,
we obtain (ii). From the Gauss equation (14) in H3(τ), we have that the Gauss curvature of
M is given by
K = 4τ 2 ν2 − (detA+ τ 2) = 4τ 2 cosh2 ϑ.
Finally, equation (18) follows from the Codazzi equation (15) putting X = T , Y = JT and
using (ii). In fact, it is easy to see that
4τ 2 coshϑ [gτ (JT, T )T − gτ (T, T )JT ] = −4τ 2 coshϑ sinh2 ϑJT
and ∇TA(JT )−∇JTA(T )− A[T, JT ]
= ∇T (−τ T + λ JT )−∇JT (−τ JT )− A(2τ coshϑT − λ coshϑJT )
= (4τ 2 coshϑ+ T (λ) + λ2 coshϑ) JT.
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From gτ (E3, N) = − coshϑ, it follows that there exists a smooth function ϕ onM such that
N = sinhϑ cosϕE1 + sinhϑ sinϕE2 + coshϑE3.
Therefore, we can write
(19) T = E3 − coshϑN = − sinhϑ [coshϑ cosϕE1 + coshϑ sinϕE2 + sinhϑE3]
and
(20) JT = sinhϑ (sinϕE1 − cosϕE2).
Moreover, we have
(21)
{
A(T ) = −∇τ TN = [T (ϕ) + τ cosh2 ϑ+ τ sinh2 ϑ] JT,
A(JT ) = −∇τ JTN = (JT )(ϕ) JT − τ T.
Comparing (21) with (i) of Lemma 4.1, it results that
(22)
{
(JT )(ϕ) = λ,
T (ϕ) = −2τ cosh2 ϑ.
Also, as
[T, JT ] = coshϑ (2τ T − λ JT ),
the compatibility condition of system (22):
(∇TJT −∇JTT )(ϕ) = [T, JT ](ϕ) = T (JT (ϕ))− JT (T (ϕ))
is equivalent to (18).
We now choose local coordinates (u, v) onM such that
(23) ∂u = T.
Also, as ∂v is tangent toM, it can be written in the form
(24) ∂v = a T + b JT,
for certain functions a = a(u, v) and b = b(u, v). As
0 = [∂u, ∂v] = (au + 2τ b coshϑ)T + (bu − b λ coshϑ) JT,
then
(25)
{
au = −2τ b coshϑ,
bu = b λ coshϑ.
Moreover, the equation (18) of Lemma 4.1 can be written as
(26) λu + coshϑλ2 + 4τ 2 cosh3 ϑ = 0.
Integrating (26), we obtain that
(27) λ(u, v) = 2τ coshϑ tan[η(v)− 2τ(coshϑ)2 u],
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for some smooth function η depending on v and we can solve system (25). Remark that we
are interested in only one coordinate system on the surfaceM and, hence, we only need one
solution for a and b, for example: a(u, v) =
sin(η(v)− 2τ(coshϑ)2 u)
coshϑ
,
b(u, v) = cos(η(v)− 2τ(coshϑ)2 u).
Moreover, using these expressions, we have that the system (22) becomes{
ϕu = −2τ cosh2 ϑ,
ϕv = 0,
of which the general solution is given by
(28) ϕ(u, v) = −2τ cosh2 ϑu+ c,
where c is a real constant.
With respect to the local coordinates (u, v) chosen above, we have the following characteri-
zation of the position vector of a helix spacelike surface.
Theorem 4.2. LetM be a helix spacelike surface in H3(τ) with constant angle ϑ > 0. Then,
with respect to the local coordinates (u, v) onM defined in (23) and (24), the position vector
F ofM in R3 is given by
(29)
F (u, v) =
(tanhϑ
2τ
sinu+ f1(v),−tanhϑ
2τ
cosu+ f2(v),
− (sinhϑ)
2
2
u+
tanhϑ
2
[f1(v) cosu+ f2(v) sinu] + f3(v)
)
,
with
f ′1(v)
2 + f ′2(v)
2 = (sinhϑ)2, f ′3(v) = τ (f2(v) f
′
1(v)− f1(v) f ′2(v)).
Proof. Let M be a helix spacelike surface in H3(τ) with constant angle ϑ ∈ (0,+∞) and
let F be the position vector ofM in R3. Then, with respect to the local coordinates (u, v)
on M defined in (23) and (24), we can write F (u, v) = (F1(u, v), F2(u, v), F3(u, v)), with
(u, v) ∈ Ω ⊂ R2. By definition, taking into account (19) and (20), we have that
∂uF = (∂uF1, ∂uF2, ∂uF3) = T
= − sinhϑ [coshϑ cosϕE1|F (u,v) + coshϑ sinϕE2|F (u,v) + sinhϑE3|F (u,v)]
and
∂vF = (∂vF1, ∂vF2, ∂vF3) = a T + b JT
= sinhϑ [(−a coshϑ cosϕ+ b sinϕ)E1|F (u,v)
− (a coshϑ sinϕ+ b cosϕ)E2|F (u,v) − a sinhϑE3|F (u,v)] .
Therefore, using the expression of E1, E2 and E3 with respect to the coordinates vector fields
of R3, it results that
(30)

∂uF1 = − sinhϑ coshϑ cosϕ,
∂uF2 = − sinhϑ coshϑ sinϕ,
∂uF3 = − sinhϑ (τ coshϑ cosϕF2 − τ coshϑ sinϕF1 + sinhϑ)
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and
(31)

∂vF1 = sinhϑ (−a coshϑ cosϕ+ b sinϕ),
∂vF2 = − sinhϑ (a coshϑ sinϕ+ b cosϕ),
∂vF3 = sinhϑ [τ(−a coshϑ cosϕ+ b sinϕ)F2
+ τ (a coshϑ sinϕ+ b cosϕ)F1 − a sinhϑ] .
From the first two equations of (30), we obtain that
F1(u, v) =
tanhϑ
2τ
sinϕ(u) + f1(v),
F2(u, v) = −tanhϑ
2τ
cosϕ(u) + f2(v).
Then, using these expressions in the third equation of (30) and integrating, we get
F3(u, v) = −(sinhϑ)
2 u
2
+
tanhϑ
2
(f1(v) cosϕ(u) + f2(v) sinϕ(u)) + f3(v).
Consequently, from (31), we have that
(32)

f ′1(v) = − sinhϑ sin(η(v)− c),
f ′2(v) = − sinhϑ cos(η(v)− c),
f ′3(v) = τ (f2(v) f
′
1(v)− f1(v) f ′2(v)).
Using the change of variable ϕ(u) 7→ u, we obtain the parametrization given in (29). 
Now, we present some examples of constant angle spacelike surfaces in H3(τ) obtained using
the parametrization given in the Theorem 4.2.
Example 4.3. Choosing η(v) = v + c in (32), we get
f1(v) = sinhϑ cos v,
f2(v) = − sinhϑ sin v,
f3(v) = τ v sinh
2 ϑ.
Substituting these expressions in (29) we have explicit parametrizations of helix spacelike
surfaces that depend only of the hyperbolic angle ϑ.
Figure 1. Constant angle spacelike surfaces for ϑ = pi/3, ϑ = pi/4, ϑ = pi/6
and ϑ = pi/8.
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5. Constant angle timelike surfaces
Now we are going to study, following the same procedure as in Section 4, the constant angle
timelike surfaces in H3(τ).
LetM be a timelike surface in the Lorentzian Heisenberg group H3(τ). As ε = 1, from the
equation (8) it follows that (up to the orientation of N) we can write ν = sinhϑ, where ϑ is
the hyperbolic angle function between N and E3. We observe that, from (11), it results that
gτ (JT, JT ) = −gτ (T, T ) = cosh2 ϑ.
We suppose that the function ϑ is constant and we observe that if ϑ = 0, we have that E3
is always tangent to M and, therefore, M is a Hopf cylinder. Therefore, from now on we
assume that the constant angle ϑ 6= 0.
Lemma 5.1. LetM be a helix timelike surface in H3(τ) with constant angle ϑ 6= 0. Then,
we have the following properties.
(i) With respect to the basis {T, JT}, the matrix associated to the shape operator A takes
the form
A =
(
0 τ
−τ λ
)
,
for some smooth function λ onM.
(ii) The Levi-Civita connection ∇ ofM is given by
∇TT = −2τ sinhϑJT, ∇JTT = λ sinhϑJT,
∇TJT = −2τ sinhϑT, ∇JTJT = λ sinhϑT.
(iii) The Gauss curvature ofM is the constant given by:
K = −4τ 2 sinh2 ϑ.
(iv) The function λ satisfies the equation
(33) T (λ) + λ2 sinhϑ+ 4τ 2 sinh3 ϑ = 0.
Proof. The proof is analogous to that of Lemma 4.1, taking into account that T is timelike,
JT is spacelike and that the operator of rotation J satisfies J2 = I (see (11)). 
From gτ (E3, N) = sinhϑ, it follows that there exists a smooth function ϕ onM such that
N = coshϑ cosϕE1 + coshϑ sinϕE2 − sinhϑE3.
Consequently, we obtain that
(34)
{
T = E3 − sinhϑN = coshϑ [− sinhϑ cosϕE1 − sinhϑ sinϕE2 + coshϑE3],
JT = coshϑ (sinϕE1 − cosϕE2).
In this case, we have that
(35)
A(T ) = −∇τ TN = [T (ϕ)− τ cosh2 ϑ− τ sinh2 ϑ] JT,
A(JT ) = −∇τ JTN = (JT )(ϕ) JT + τ T.
Comparing (35) with (i) of Lemma 5.1, we get
(36)
{
(JT )(ϕ) = λ,
T (ϕ) = 2τ sinh2 ϑ.
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Also, as
[T, JT ] = − sinhϑ (2τ T + λ JT ),
the compatibility condition of system (36) is given by:
(∇TJT −∇JTT )(ϕ) = [T, JT ](ϕ) = T (JT (ϕ))− JT (T (ϕ))
and it is equivalent to the equation (33).
Now, we choose local coordinates (u, v) onM such that
(37) ∂u = T, ∂v = a T + b JT ,
for certain functions a = a(u, v) and b = b(u, v). As
0 = [∂u, ∂v] = (au − 2τ b sinhϑ)T + (bu − b λ sinhϑ) JT,
then
(38)
{
au = 2τ b sinhϑ,
bu = b λ sinhϑ.
Moreover, the equation (33) of Lemma 5.1 can be written as
λu + sinhϑλ
2 + 4τ 2 sinh3 ϑ = 0
and, solving this equation, one finds
λ(u, v) = 2τ sinhϑ tan[η(v)− 2τ(sinhϑ)2 u],
for some smooth function η depending on v. As we are interested in only one coordinate
system on the surfaceM, we can consider the following solution of the system (38): a(u, v) = −
sin(η(v)− 2τ(sinhϑ)2 u)
sinhϑ
,
b(u, v) = cos(η(v)− 2τ(sinhϑ)2 u).
Also, using these expressions, we have that the general solution of the system (36) is given
by:
ϕ(u, v) = 2τ(sinhϑ)2 u+ c, c ∈ R.
Theorem 5.2. LetM be a helix timelike surface in H3(τ) with constant angle ϑ 6= 0. Then,
with respect to the local coordinates (u, v) onM defined in (37) the position vector F ofM
in R3 is given by:
(39)
F (u, v) =
(
− cothϑ
2τ
sinu+ f1(v),
cothϑ
2τ
cosu+ f2(v),
(coshϑ)2
2
u− cothϑ
2
[f1(v) cosu+ f2(v) sinu] + f3(v)
)
,
with
f ′1(v)
2 + f ′2(v)
2 = (coshϑ)2, f ′3(v) = τ (f2(v) f
′
1(v)− f1(v) f ′2(v)).
Proof. With respect to the local coordinates (u, v) on the helix timelike surfaceM, given in
(37), we can parametrize the surface as
F (u, v) = (F1(u, v), F2(u, v), F3(u, v)), (u, v) ∈ Ω ⊂ R2.
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From the expressions (34), it results that
(40)

∂uF1 = − sinhϑ coshϑ cosϕ,
∂uF2 = − sinhϑ coshϑ sinϕ,
∂uF3 = coshϑ (−τ sinhϑ cosϕF2 + τ sinhϑ sinϕF1 + coshϑ)
and
(41)

∂vF1 = coshϑ (−a sinhϑ cosϕ+ b sinϕ),
∂vF2 = − coshϑ (a sinhϑ sinϕ+ b cosϕ),
∂vF3 = coshϑ [τ(−a sinhϑ cosϕ+ b sinϕ)F2
+ τ (a sinhϑ sinϕ+ b cosϕ)F1 + a coshϑ].
Integrating (40), we obtain that
F1(u, v) = −cothϑ
2τ
sinϕ(u) + f1(v),
F2(u, v) =
cothϑ
2τ
cosϕ(u) + f2(v),
F3(u, v) =
(coshϑ)2 u
2
− cothϑ
2
(f1(v) cosϕ(u) + f2(v) sinϕ(u)) + f3(v),
where, from (41), the functions fi(v), i = 1, 2, 3, satisfy the following relations:
(42)

f ′1(v) = coshϑ sin(η(v) + c),
f ′2(v) = − coshϑ cos(η(v) + c),
f ′3(v) = τ (f2(v) f
′
1(v)− f1(v) f ′2(v)).
Finally, using the change of variable ϕ(u) 7→ u, we obtain the parametrization ofM given
in (39). 
We end the section giving some examples of constant angle timelike surfaces in H3(τ) con-
structed from the parametrization obtained in the Theorem 5.2.
Example 5.3. If we choose η(v) = v − c in (42), we have the expressions:
f1(v) = − coshϑ cos v,
f2(v) = − coshϑ sin v,
f3(v) = −τ v cosh2 ϑ
and, using (39), we obtain explicit parametrizations of helix timelike surfaces that depend
only of the hyperbolic angle ϑ.
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Figure 2. Constant angle timelike surfaces for ϑ = pi/3, ϑ = pi/4, ϑ = pi/6
and ϑ = pi/8.
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